Invariant and covariant forms of the quark-antiquark interaction derived by Eichten and Feinberg are reviewed. Relations between the various terms imposed by Lorentz transformation constraints, here called Gromes relations, are found to apply to neither case. Details of the specific Gromes relation derivation are considered and inconsistencies found that lead to a violation of covariance.
Introduction
Constituent quark models provide valuable insight into many hadronic phenomenathe mass spectrum as well as decay and transition observables. With the appearance of advanced probes such as CEBAF, where high resolution data on fine and hyperfine spectra to the order of 200 -300 kev. are expected with complimentary data on hadronic production, their predictions are of increasing interest and in increasing use.
In both sectors, non-perturbative factors of QCD are expected to play a significant role.
Theoretical input for modeling this regime has come from the strong coupling limit of lattice gauge theory. Wilson loop area asymptotics [1] for heavy static constituents lead to the popular linear confinement. When the quarks are given motion however their Wilson loop and the potential interaction derived from it are manifestly non-local, embodying the confining non-perturbative gluon dynamics.
Proper treatment of these effects to O(m −2 ) has been made in the well-known work of Eichten and Feinburg (E.F.), ref [2] , where they enter implicitly. They do not on the other hand enter into reductions of relativistic equations that input only the linearly confining potential; there the semi-relativistic corrections are purely kinematical. Hence an increased interest in the E.F. spin dependent interaction and the simplifying relation of Gromes [3] .
It would be difficult to overstate the significance of the impact these two results have had on particle physics calculations since their appearance and general acceptance over a decade ago -it is enormous ( The Spires preprint databasealone, e.g., lists a combined ≈ 700 citation entries.). And the influence extends from phenomenological modeling to calculations on the lattice. It is the goal of this article to help clarify their meanings and to set forth criticisms in the most accessible terms available. The results are reviewed separately, each in turn, beginning in the next section with that of ref [2] where it is demonstrated that whether in its invariant or covariant form, there are no accompanying Gromes relations(G.R.s). In the follow-ing section the G.R. proper is treated by way of its derivation and is found to violate Lorentz covariance. This violation is shown to follow from two main sources of error in the derivation: 1) a discrepancy between the Lorentz transformation and that employed as such in [3] , and, 2) imposition of invariance in place of the required covariance.
E.F. spin-orbit potential
Beginning from the gauge invariant quark-antiquark transition amplitude, a linearly confining potential for static quarks is derived in terms of the Wilson loop
for large T . Meanings of the various symbols above run as follows: T * indicates time ordering, C charge conjugation, the P s are path-ordered exponentials, P (x, y) =
, the trace is taken over both gauge and Dirac matrices, the average is taken over the gauge fields,
, and W is the Wilson loop operator. In (2) S 0 is a static fermion propagator. The analysis of ref [2] begins with the introduction of propagators for quarks in motion. They satisfy
and may be expanded around the static propagator as
where S 0 obeys
and is given explicitly by
To order m −2 , with x 0 > y 0 , the non-static propagator is given by
where the projections are,
, and so forth.
When large components only are considered in the trace (2), the static and relevant non-zero spin-orbit corrections are
where, L i ≡ r × p i , and
A couple remarks about the result are in order. First, it is at variance with that of ref [2] in an overall sign difference for line (12) and in relative signs between particle, subscripted 1, and antiparticle, subscripted 2, field insertions in lines (12) - (14). Second, the beginning four-point function, here in (1), differs from that of [2] where the antifermion fields are not charge conjugated. The present author has been unable to reproduce their result from their four-point function. Instead, the relative sign difference here between terms in line (10), classical spin-orbit and Thomas precession effects, disappears, so that these terms do not enter as expected for particle-antiparticle states. Hence, the four-point function given in (1) seems to have a more transparent and immediate interpretation as apropagator. Interestingly, since line (12) is usually taken to be zero ( from parity arguments), and since the relative sign differences or agreements between particle and antiparticle contributions are complimentary in a Lorentz transformation, these discrepancies have no bearing on the discussion of the G.R. and will not be gone into further.
As pointed out in ref [3] , insofar as the derived interaction is a vacuum expectation value in a Lorentz invariant theory, it must also be invariant. In fact V , as given in In this case the analysis can go no further without further input, e.g., from
phenomenology. In particular, there is no 'invariant' G.R.. To see this, consider the lowest order terms in a Lorentz boost of V I . Care must be taken when transforming the static propagators since by construction they must remain solutions to the noncovariant equation (6) . To lowest order in velocity their transformation is
which is effectively carried out on their time-like path ordered exponentials as
Thus the magnetic field transformation of (12) cancels with the momentum transformation of the modified (10), and the effective transformation (16), carried out also in (12), cancels with the momentum transformation of (11), yielding invariance.
With this invariance however important information on the interaction's Lorentz structure is lost. V I enters a Hamiltonian as a scalar, in which case, e.g., known
Breit-Fermi spin corrections to the static coulomb interaction would not appear. It is more useful to begin in (1) with the four-point function rather as an "outer" in place of the given inner product of states. In this case, reduction of off diagonal elements to O(m −4 ) has no effect on the diagonal spin terms, and is conveniently performed by way of the Foldy-Wouthysen transformation, U = exp(ıs(ξ)), with, s(ξ) = ıγ 0 γ · D(ξ)/2m, so that the logarithm of (2) is again taken (along the diagonal), and one arrives again at the original E.F. result, V of (9), as the large component. Its Lorentz transformation properties are unambiguous. From the lowest order transformation,
toṼ ), in strict agreement with its covariant transformation as a product of spinor products
The Gromes method of derivation
In view of the previous discussion, a detailed examination of the G.R. still seems worthwhile -if only due to the interest it has generated for the last decade. In ref [3] the lowest order Lorentz transformation on V by which the relation is derived is implemented in three distinct steps.
1)momentum transformation:
2)magnetic field transformation:
which by the given lemma, (2.8) of [3] , is effectively carried out on the relative coordinate as
3) r i transformation:
following the definition and transformation specification of the quantity
Effects of transformations 1) and 2) taken together with the effective transformation of the path-ordered exponentials, (16), combine in V of (9) to give the appropriate covariant transformation (17), V → V +Ṽ .
Transformation 3) however is spurious; it has no counterpart in or correspondence to the field theory. Its effect is to give extra transformation terms, ǫ(r) → ǫ(r) +
2 )ǫ ′ (r)/r. The G.R. appears when 1), 2), and 3) are taken together (with a sign error for the terms from step 2)) and invariance imposed
The relation has recieved derivation also in several other contexts. These derivations, each one, should undergo equal scrutiny.
Summary
The E.F. interaction Hamiltonian contains dynamical information from the nonperturbative gluon field not present in models that relativize the linear potential.
In its given form however one is left either to pursue evaluation on the lattice or to consider simplifying assumptions. For the former, it is unclear whether the sign discrepancies between the results here, (11) -(13), and ( V 1 , V 2 ) of ref [2] have implications for lattice calculations. For the latter, the electric confinement ansatz,
, in conceptual agreement with Buchmüller's picture [4] , assumed in [2] and later abandoned (due to variance with spin phenomenology), demonstrates that these should be made only with special care, and that they may in any event have implications difficult to predict. In these regards it may be viewed as a shortcomming of the formalism that here again only the static limit to the minimal area law enters explicitly; nonlocalness is implied only (e.g., via electric field insertions [3] ). This happens as an artifact of the initial fermion propagator expansion (5) around the static limit, and is easily remedied when they are replaced by ones more immediately compatible with semi-relativistic fermion motion. When this is done the Wilson loop of (3) is explicitly nonlocal and relates the resulting potential directly to the minimum area.
The above program has already been carried out in an article by Brambilla, Consoli, and Prosperi [5] for both spin and spin-independent corrections to O(m −3 ).
Using propagators expressed as integrals over the phase space and the Nambu-Goto action as the effective area, the final potential is given in terms of familiar quantum mechanical operators (it should be pointed out however that the spinorbit agreement with ref [3] seems to follow from a systematic mathematical error made in their appendix [6] ).
One may on the other hand attempt a more rigorous implementation of the electric confinement ansatz. It is uncertain whether such a picture remains selfconsistent for quarks in motion or whether it agrees with minimal area asymptotics.
These questions are presently under study.
